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A B S T R A C T  

Let X be a torsion-free abelian group. We study the class of all com- 
pletely decomposable subgroups of X which are maximal with respect 
to inclusion. These groups are called tight subgroups of X and we state 
sufficient conditions on a subgroup to be tight. In particular we consider 
tight subgroups of bounded completely decomposable groups. For those 
we show that every regulating subgroup is tight and we characterize the 
tight subgroups of finite index in almost completely decomposable groups. 

1. I n t r o d u c t i o n  

A c o m p l e t e l y  d e c o m p o s a b l e  group is a direct  sum of groups i somorphic  to 

subgroups  of  the  add i t ive  group of ra t iona l  numbers .  An  a l m o s t  c o m p l e t e l y  

d e c o m p o s a b l e  g r o u p  X is a finite essential  (abel ian)  extension of a comple te ly  

decomposab le  group A of finite rank.  In  [BMO00] Benabda l l ah ,  Mader  and 

ti le first au thor  s tud ied  t i g h t  s u b g r o u p s  of ahnos t  comple te ly  decomposab le  

groups,  i.e., comple te ly  decomposab le  subgroups  which are ma x ima l  wi th  respect  
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to inclusion. It turned out that regulat ing subgroups are always tight in an 

ahnost completely decomposable group. The regulating subgroups can be defined 

as the completely decomposable subgroups of least index and E. L. Lady [Lad74] 

initiated a systematic theory of almost completely decomposable groups based on 

regulating subgroups. However, there are tight subgroups in almost completely 

decomposable groups which are not regulating but which have finite index in the 

overgroup (see [BMO00, Example 2.13]). 

In [BMO00] the authors claimed that all tight subgroups of an almost com- 

pletely decomposable group X have finite index in X but gave an incorrect proof. 

In fact, the result is not true and we give an example of a tight subgroup in an 

almost completely decomposable group which does not have finite index (see 

Example 4.1). Moreover, we characterize those tight subgroups A of almost 

completely decomposable groups X which have finite index as the sharply tight 

subgroups, i.e., tight subgroups such that also A~(T) is tight in X~(T) for all 

types T (see Corollary 4.3). As a consequence let us remark that all results in 

[BMO00] remain valid if one replaces tight subgroups by sharply tight subgroups 

or equivalently by tight subgroups of finite index. 

The present paper deals with the class TSgps(X) of all completely decompos- 

able subgroups in an arbitrary torsion-free abelian group X that are maximal 

with respect to inclusion. These will be called t ight  subgroups of X adopting 
terminology used by Benabdallah, Mader and the first author. A torsion-free 

group need not contain tight subgroups as Example 2.2 shows but Theorem 

2.9 provides a sufficient condition on a completely decomposable subgroup to be 

tight. However, our assumptions are not necessary. Nevertheless, if we strengthen 

the tightness condition on a completely decomposable subgroup A of X to strong 

tightness, i.e., if we require that for all types r, A(v) is tight in X(r), then we 

obtain a complete characterization of the strongly tight subgroups (see Corollary 

2.15). 

In section 3 we consider the class of bounded  completely decomposable 

groups, i.e., torsion-free groups X which contain a completely decomposable 

group A with bounded quotient X/A. This class of groups is a natural exten- 

sion of the class of almost completely decomposable groups and was first studied 

by Elter in [E196] and later by Mader and the second author in [MS00] (see 

also [Du01]). Bounded completely decomposable groups possess Butler decom- 

positions and completely decomposable regulating subgroups which are defined 

as the sum of the Butler complements. We show that regulating subgroups 

are examples of (even sharply) tight subgroups (see Proposition 3.2) and prove 
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that tight subgroups with elementary quotient are necessarily regulating (see 

Corollary 3.4). 

All groups under consideration are abelian. The purification of a subgroup H in 

a torsion-free group G is denoted by H.  a for emphasis. We take it for granted that 

the reader is familiar with the usual type subgroups G(T), G* (T), and G~(7) = 
G*(~-).. If A is a completely decomposable group, then A = t~pEWcr(A ) Ap is 

assumed to be a decomposition of A into p-homogeneous components Ap ¢ 0, 

so that Tcr(A) is the cr i t ical  t y p e s e t  of A. A typeset Tst(X) of a torsion-free 

group X satisfies the m a x i m u m  cond i t ion  if every non-empty subset of Tst(X) 

has maximal elements, which is equivalent to saying that every ascending chain 

in Tst(X) is finite. Moreover, we will identify rational groups with their types, 

e.g., Z = tp(Z). For background on torsion-free abelian groups and almost or 

bounded completely decomposable groups see [Arn82], [Mad95], [Mad99], and 

[MS00]. Maps are written on the right. 

2. Tight subgroups of torsion-flee groups 

In [BMO00] the authors defined tight subgroups of almost completely decom- 

posable groups and studied their properties. Here we extend their definition to 

arbitrary torsion-free (abelian) groups. 

Definition 2.1: Let X be a torsion-free group and A a completely decomposable 

subgroup of X. Then A is called t igh t  in X if it is maximal among the completely 

decomposable subgroups of X with respect to inclusion. 

Note that for a tight subgroup A of X we necessarily have that X/A is torsion. 

However, tight subgroups need not exist in general as the following example 

shows. 

Example 2.2: Let X be a homogeneous group which is not completely decom- 

posable. Then X contains no tight subgroups. 

Proof: Assume that A is a tight subgroup of X. Then the quotient X/A is tor- 

sion and A is homogeneous completely decomposable and pure in X by Theorem 

2.9 (1) below. Hence X = A - -  a contradiction. II 

The following theorem gives some sufficient conditions for tightness in arbi- 

trary torsion-free groups. This criterion is useful in establishing tightness. Some 

preliminary results are needed. 
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LEMMA 2.3: Let B be a torsion-free group and A a homogeneous completely 

decomposable subgroup of B with the property that every rank-one summand of 

A is pure in B and B / A  is torsion. Then A = B. 

Proof: Let x E B; then nx E A for some integer n since B / A  is torsion. By 

[Fuc73, Theorem 86.8] it follows that (nx)A, is a rank one summand of A since A 

is homogeneous. Thus (nx),A = (nx),B and hence x C A. I 

For the next proposition recall that a subgroup A of a torsion-free group B is 

called r egu l a r  in B if for all types r the equality A(r) = B(r)  M A holds. This 

is equivalent to saying that every element of A has the same type in A as in X 

(see [Arn81]). 

PROPOSITION 2.4: Let B be a completely decomposable group and A a com- 

pletely decomposable regular subgroup of B such that B / A  is torsion, and as- 

sume that Tst(A) satisfies the maximum condition. If every rank-one summand 

of A is pure in B, then A = B. 

Proof." By induction on Tst(A) we show that for every 7 ~ Tst(A) we have 

B( r )  = A(T). This is clearly enough to prove A = B, because if x E B, then 

nx C A(T) for some 7 C Tst(A). Thus nx E B(T) and hence also x E B(T) = 

A(r).  Now, let 7 be maximal in Tst(A). Then A(7) is r-homogeneous completely 

decomposable and B(r) /A(T)  is torsion by regularity. Thus by Lemma 2.3 we 

have B(T) = A(T). Now, assume that r C Tst(A) and for every r < ~ E Tst(A) 

we have A(c~) = B(~r). Write B(T) = B~ ~ B~(r) with BT r-homogeneous 

completely decomposable. Then we obtain 

B~(r) = B*(r) = ~ B(a) = ~ A(a) = A~(r). 
cr>r a > r  

Write A(r)  = A~ @ a~(r) with Ar T-homogeneous completely decomposable. 

Let b E AT. Then b = ab + a~ e B ,  @ Bl(r)  = B~ ® A~(r) with ab C Br and 

a~ e A~(r). Let ¢: A~ ----4 A~(r) be the homomorphism with ¢(b) = a~. It 

follows easily that A(r) = A~(1 - ¢) @ A~(r). Moreover, if b' e A~(1 - ¢) then 

b' = b - b e =  b - a ~  = a b  E B~. T h u s A "  C_ B T n e t ,  whereA"  = A ~ ( 1 - ¢ ) .  

Furthermore, the regularity implies that A" = B~ n A. Hence 

B~ + A B~ B~ 
e . o  : _ _  

A B r N A  A" 

is torsion and therefore B~ = A" by Lemma 2.3. Finally, it follows that B(T) = 

BT ® B~(T) = A" • A~(r) = A(T). l 
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The next example shows that we cannot remove the assumption on the quotient 

B / A  to be torsion in Proposition 2.4; it also proves that in [BMO00, Lemma 2.6] 

one has to assume this condition. 

EXAMPLE 2.5: Let B = Z[p-1]x ~ Z[q-1]y where p and q are distinct primes. 

Moreover, let A = Z(x + y). Then A is pure in B and hence every rank-one 

summand of A is pure in B but A is not a direct summand o rB .  

Proof: It is clear that A is pure in B and hence every rank-one summand of A 

is pure in B. Since the type of the integers is not critical in B, A cannot be a 

direct summand of B. | 

The following example shows that we cannot drop the assumption of regularity 

in Proposition 2.4 even in the finite rank case. 

EXAMPLE 2.6: Let 1,p, r, s, t be different odd primes. Put  

B -- Z[/-1,p -1, s-1]a + Z[s -1, t-1]b + Z[I -1  r - I  t-1]c 

and 
A = Z[s-1](a  + b) + Z[/-1](a + c) • Z[t-1](b + c). 

Then A is a proper subgroup of B which is not regular in B,  has torsion quotient 

B / A  and satisfies the condition that every rant~l summand of  A is pure in B. 

Proof: Clearly A C B and B / A  is torsion since B and A are of the same finite 

rank. Moreover, it is easy to check that A is completely decomposable. To prove 

that A is not regular in B we consider the following equation: 

2 b = ( a + b ) + ( b + c ) - ( a + c )  • A  

which shows that tpA(2b) = Z ¢ Z[s -1, t -I]  = tpB(2b) = tpB(b) and hence A is 

not regular in B. Finally, easy calculations show that Z[s-1](a + b), Z[/-1](a + c) 

and Z[t-1](b + c) are pure in B and since A is block rigid those are the only 

rank-1 summands of A. It follows that every rank-1 summand of A is pure in B. 
| 

To state sufficient conditions for tightness we introduce the following defini- 

tions. 

Definition 2.7". Let X be a torsion-free group and A a subgroup of X. Then A 

is called weak ly  r egu l a r  in X if for all ~- • Tst(A) we have A N X(T) = A(r).  

Clearly, regular subgroups are weakly regular subgroups but the converse is 

not true (see Example 2.12). 
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Definition 2.8: Let X be a torsion-free group and A a subgroup of X. Then the 

typeset Wst(A) is t i gh t  in Tst(X) if Tst(A) C_ M E IT(X)  implies Tst(A) = M. 

Here, 

i T ( x )  = 

{finite meet closure{tpX(xi):i C I}, xi's maximal linearly independent}. 

THEOREM 2.9: Let X be a torsion-free group and let A be a completely decom- 

posable subgroup of X.  Then the following hold: 

(1) If A is tight in X, then every summand of A whose typeset is linearly 

ordered is pure in X.  

(2) If  every rank-one summand of A is pure in X, A is weakly regular in X,  

Tst(A) is tight in Tst(A, x)  and Tst(A) satisfies the maximum condition, 

then A is tight in A x 

Proof: Assume first that A is tight in X and that A = A1 ~ A2 where A1 has a 

linearly ordered typeset. Let x E (A1). x ,  hence nx C A1 for some n C N. Write 

A1 = B1 ¢9 B2 with nx E B1 and B1 of finite rank. Then A ~ = (B1, x) ®/?2 

is completely decomposable since (B1, x) is a finite extension of a completely 

decomposable group B1 with linearly ordered typeset. Hence A ~ ~2 As -- A by 

tightness. Thus x C A1 and it follows that A1 = (A1). x.  

To prove (2) assume that A is contained in a completely decomposable sub- 

group B of A. x.  Without loss of generality we may assume that B = (~icl  Bi, 

where each Bi is of rank 1 and pure in X (otherwise replace B~ by its pu- 

rification in X). Since the typeset of B is closed under meets we obtain that 

Tst(A) C_ Tst(B). Note that Tot(A) C_ Tst(B). Thus Tst(A) -- Tst(B) since 

Tst(A) is tight in Tst(A.X). Moreover, A is weakly regular in B and hence regu- 

lar in B. Finally, the quotient B/A is torsion by regularity. Thus, by Proposition 

2.4, A = B, and hence A is tight in A. x.  | 

Let us remark that  a tight subgroup of an almost completely decomposable 

group X need not have tight typeset in X as will be shown in Example 4.1. 

Hence there is no hope to prove the converse of Theorem 2.9 (2). However, all 

the examples of tight subgroups are weakly regular subgroups, so the following 

question remains open. 

QUESTION 2.10: IrA is a tight subgroup of a torsion-free group X,  is A weakly 

regular in X ? 
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COROLLARY 2.11: Let X be a torsion-free group such that Tst(X) satisfies the 

maximum condition and let A be a completely decomposable subgroup of X .  

Then the foIlowing hoid: 

(1) If  A is tight in X ,  then every summand of A whose typeset is linearly 

ordered is pure in X .  

(2) If  every rank-one summand of A is pure in X ,  and A is regular in X ,  then 

A is tight in AX.. 

Proof'. All we have to show is (2) since (1) follows from Theorem 2.9(1). Thus 

we have to check the assumptions in Theorem 2.9(2). Since A is regular in X 

we obtain Tst(A) = Tst(A x)  and hence Tst(A) is tight in Tst(AX). Moreover, 

the regularity implies that also Tst(A) satisfies the maximum condition since 

Tst(A) c_ Tst(X) and Tst(X) satisfies the maximum condition. Finally, A is 

trivially weakly regular in X and hence Theorem 2.9(2) implies that A is tight 

in A. x.  II 

The following example shows that tight subgroups need not be regular in 

general. 

EXAMPLE 2.12: Let p, q, r be different primes and let 

B = Z[p- ' ]a  + Z[q-1]b 4- Z[r - l l (a  + b) and A = Z[p- l la  ® Z[q-'lb- 

Then A is tight and weakly regular in B but not regular, since tp B ( a + b ) = Z[r -1] 

and tp A (a + b) = Z. 

Proof: It is easy to check that every rank one summand of A is pure in B and 
that Tst(A) is tight in Tst(B)  since 

I T ( B )  = {{Z, Z[p-t], Z[r- l l},  {Z, Z[p-l], Z[q-t]}, {Z, Z[q-1], Z[r-l]}}. 

Moreover, A is weakly regular in B and Tst(B) satisfies the maximum condition. 

Thus Theorem 2.9 (2) implies that A is tight in B. | 

However, we can give a characterization of the regular tight subgroups. 

Definition 2.13: Let A be a completely decomposable subgroup of a torsion-free 

group X. The group A is called s t rong ly  t igh t  in X if for every type 7, A(T) 

is tight in X(T).  

The following result shows that the notions of tightness and strong tightness 

coincide if A is regular in X, in particular if A is a regulating subgroup of a 
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bounded completely decomposable group X (by Lemma 3.1 a regulating subgroup 

of a bounded completely decomposable group is regular). 

PROPOSITION 2.14: Let X be a torsion-free group containing a completely de- 

composable group A sud~ that the quotient X /A  is torsion. Then the following 

are equivalent: 

(1) A is tight and regular in X; 

(2) A is strongly tight in X.  

Proof ( 1 ) ~ ( 2 )  Assume by way of contradiction that there exists a type r such 

that A(r) is not tight in X(r ) .  Then there exists a completely decomposable 

group B such that A(r) c B C_ X(T). Write A = A ' O  A(r ) ,A '  = ~ o ; ~  A~. 

Then A r ~ B D A is completely decomposable which contradicts the tightness of 

A. Note that the sum A' + B is direct by the regularity of A in X. 

( 2 ) ~ ( 1 )  Assume that A is not tight in X. Then there exists a completely 

decomposable subgroup B of X such that A C B C X. Hence there exists r such 

that A(r)  c B( r )  C X(T) since otherwise we have B( r )  = A(T) for every type r 

and thus A = B which is a contradiction. Since B( r )  is completely decomposable, 

A(r)  is not tight in X(T) contradicting the assumption. Therefore A is tight in 

X. Now let r be a type and x an element in X( r )  n A. Since A is strongly tight 

in X, the quotient. X ( r ) / A ( r )  is torsion. Thus mx E A(r) for some integer m. 

But A(r)  is pure in A and hence x E A(r).  | 

COROLLARY 2.15: Let X be a torsion-free group and A a completely decompos- 

able subgroup of X such that Tst(X)  satis/~es the maximum condition and X / A  

is torsion. Then the following are equivalent: 

(1) A is strongly tight in X; 

(2) A is regular in X and every rank-1 summand of A is pm'e in X.  

Proof Combine Proposition 2.14 and Corollary 2.11. | 

3. T i g h t  s u b g r o u p s  of  b o u n d e d  c o m p l e t e l y  d e c o m p o s a b l e  g r o u p s  

Let X be a bounded completely decomposable group. For each type v there is 

a B u t l e r  d e c o m p o s i t i o n  X(T) = A~ ® X~(r) where the v -Bu t l e r  comple -  

m e n t  A~ is v-homogeneous completely decomposable. The cr i t ica l  typeset  
Tcr(X) of X consists of all those types 7 for which X(T) ¢ X~(T). The sub- 

groups ~-~peTcr(X) Ap are direct sums: A = (~peT~r(X) Ap and hence completely 

decomposable groups. Note that Tcr(A) -- Tcr(X). The subgroups A are the 
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r e g u l a t i n g  s u b g r o u p s  and Lady has shown that they are the completely de- 

composable subgroups of X of smallest index rgi X ( r egu la t ing  index)  if X is 

of finite rank. 

We show that regulating subgroups are special examples of tight subgroups 

provided that Tst (X)  satisfies the maxinmm condition. Note that this need not 

be the case if there exists an ascending infinite chain in Ts t (X)  since it was shown 

in [MS00, Example 6.1] that in this case there are regulating subgroups A of X 

such that the quotient X / A  is torsion-free, hence A cannot be tight in X. This 

indicates that without the maximum condition one can't expect much structure. 

Therefore, recall that the typeset of any torsion-free group of finite rank satisfies 

the maximum condition. 

Recall that a subgroup A of a torsion-free group X is called s h a r p l y  e m b e d -  

ded  in X if for all types r we have X~(T) n A = A~(r) (see [MS01]). 

LEMMA 3.1: Let X be a bounded completely decomposable group such that 

Tst(X)  satisfies the maximum condition. Moreover, let A be a regul~ting sub- 

group of X and A' a subgroup of X containing A. Then A' is regular and sharply 

embedded in X .  

Proof: By [MS00, Lemma 4.1] it follows that the quotient X / A  is torsion. More- 

over, by [MS00, Proposition 3.1.2] we have X ( r )  n A = A(r)  for every type 

r E Tst(X).  Now let r be any type and x E A' n X(7-). Then there exists an 

integer rn such that m z  E A since X / A  is torsion. Hence rnx E A N X ( a )  = A(a),  

where a = tpX(x) _> r.  But A(cr) C_ A(r)  C_ A'(r)  is pure in A', consequently, 

z E At(r). Thus A' is regular in X. 

It remains to prove that A' is also sharply embedded in X. Let r be a type 

and x E A' ~ X~(r). Then there exists an integer m such that 

,~z e A n X~(r) c_ A n X ( r )  = A(~) 

by the above. Write A(r)  = A¢ @ A~(r) with A¢ T-homogeneous completely 

decomposable. Then 'mz = aT + a~ for some a ¢ E  A¢ and a~ E A~(T). Hence 

a~ = m z - a ~  E X ~ (r)M A¢ = {0} which implies that mz = a~ E A ~ (r) C_ A'~ (r). 

Consequently z E A'~(T) since A'~(T) is pure in A'. I 

We are now able to prove that every regulating subgroup in a bounded com- 

pletely decomposable group whose typeset satisfies the maximum condition is 

tight (even strongly tight). This and the final Lemma 3.6 of this section answer 

partially a question posed by Mader and the second author in [MS00, Question 

21. 
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PROPOSITION 3.2: Let X be a bounded completely decomposable group whose 

typeset satisfies the maximum condition. Then every regulating subgroup of X 

is strongly tight in X .  

Proof." Let A be a regulating subgroup of X and A' be a completely decompos- 

able subgroup of X which contains A. We will show that for every 7 C Tcr(A'), 

A'(7) = A~ ® A'~(T). Let x E A'(v) C_ Z(7) .  Then there exist aT E A~ and 

x~ e X~(v) such that x = a~ + x~ and therefore x~ = x - aT • A'(7) n X~(T) = 

A'~(T) by Lemma 3.1. Thus x • A~ + AI~(T). To show that the sum A~ + A ~ is 

also direct let x • AT n A'~(7). Then x C AT M X~(r) = 0. Hence by [MMR94, 

Lemma 2.3] A' = A which means that A is tight in X. Since A is regular in X 

by Lemma 3.1 it follows that A is strongly tight in X by Proposition 2.14. I 

We now generalize literally some results on almost completely decomposable 

groups from [DOla] and [DOlb] to the class of bounded completely decomposable 

groups. 

LEMMA 3.3: Let X be a bounded completely decomposable group such that 

Tst(X)  satisfies the maximum condition and let A be a completely decomposable 

subgroup of bounded index in X .  Then A is not tight in X if and only if  there 

exists a critical type -r • Tst(X)  and an element x • X (T)\(A~@X~(r) ) of prime 

order modulo A. 

Proof: Assume first that A is not tight in X. Then A is not regulating by 

Proposition 3.2 and hence X ( r )  ~ A~ (9 X~(7) for some critical type type 7- C 

Tst(X) .  Clearly there exists an element x E X(7)\(A~@X~(T))  which is of prime 

order. 

Conversely, assume that there exists a critical type v E Tst(X)  and an element 

x E X(T) \ (A~ ® X~(7-)) which is of prime order p modulo A. We will show that 

B = {A, x t is completely decomposable which contradicts the tightness of A. Let 
1 x = ~ ( a ~ + a  ~) wherea~ E A~ and a ~ C A~(~-). Thus htpA(aT) = 0 and since 

tpA(a~) _< tpA(a ~) there exists a natural number k such that ~A(aT) <<_ xA(ka ~) 

and gcd(k, p) = 1. Thus there exist natural numbers s and r such that rp+sk = 1. 

Since ra M C A we obtain B = {A, x - rx}. Write 

- ra ~ = l ( a  r + (1 - r p ) a  ~) = l(a~ + ska~). x 
P P 

As xA(a~) <_ XA(ska ~) there exists a homomorphism ¢ E Hom(A~, A~(~-)) such 

that ¢(a~) = skeW. It follows that B = (A~(1 + ¢)).A @ ~ Ao and since 
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A~(1 + ¢) ~- AT we obtain that (A~(1 + ¢)).A is completely decomposable as a 

bounded extension of a homogeneous completely decomposable group. Therefore 

also B is completely decomposable. I 

COROLLARY 3.4: Let X be a bounded completely decomposable group such that 

Tst(X)  satisfies the maximum condition containing a tight subgroup A such that 

k (X /A)  = 0 for some square-free integer k. Then A is regulating in X .  

Proof Assume that A is not regulating in X and let T be a critical type of 

X such that X ( r )  ¢ AT ® X~(7). Let x • X( r ) \ (A~  ~) X~(T)) be of order m. 

Then m must be square-free and moreover, g c d ( m / p l , . . . , m / p k )  = 1, where 

Pl . . . .  ,Pk are the prime divisors of m. Hence m = ~k=l ri(m/pi) for suitable 

integers ri. Define x i = x(m/pi)  and note that xi has order Pi modulo A. Since 

A is tight in X we know by Lemma 3.3 that xi • A~ ® X~(T) for all i. Thus 
k x = ~i=1 rixi • AT • X~(w) - -  a contradiction. I 

COROLLARY 3.5: Let X be a bounded completely decomposable group such that 

Tst(X)  satisfies the maximum condition containing a completely decomposable 

subgroup A such that k (X /A)  = 0 for some square-free integer k. Then A is 

contained in a regulating subgroup of X .  

Proof By Corollary 3.4 it is sufficient to prove that A is contained in a tight 

subgroup of X. Let 

93t = {D C X : D completely decomposable, A C_ D}. 

Then 9Y~ is a partially ordered set by inclusion containing A. Let (Di : i C I} be 

an ascending chain in 9)l and put D = UieI Di, so that A c_ D C X. We will 

show that D is torsionless, i.e., for all types 7- we have D~(7-) = D*(T). Let T be 

a type and x E D such that mx E D* (T) for some natural number m. Note that 

A is sharply embedded into X, hence we have 

* r D ~ ( r )  D*(T) N D i = D i (  ) =  

for every i E I. By definition of D there exists i C I such that x E D i. Thus mx E 

Di M D*(w) = D*(T). But D*(T) is pure in Di, hence x e D*(T) C D*(T) and 

therefore D is torsionless. Since D is a bounded completely decomposable group 

as it contains A we conclude from [MS00, Proposition 4.3] that D is completely 

decomposable. By Zorn's lemma if2 contains maximal elements and hence A can 

be embedded into a tight subgroup of X I 
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In the proof of Corollary 3.5 it turns out that any completely decomposable 

subgroup of bounded quotient in a bounded completely decomposable group X 

can be embedded into a tight subgroup of X provided that Tst (X)  satisfies the 

maximum condition. This is no longer the case for arbitrary bounded completely 

decomposable groups. In fact, if Tst (X)  is an ascending chain, then this can only 

happen in the completely decomposable case as the next lemma shows. 

LEMMA 3.6: Let X be a bounded completely decomposable group such that 

Tst (X)  is linearly ordered. Then X is completely decomposable if and only if it 

contains a tight subgroup. 

Proof: Clearly, if X is completely decomposable, then X is tight in itself. Thus 

assume that X contains a tight subgroup A. Note that Tst(A) C Tst (X)  and 

hence linearly ordered. By Theorem 2.9 A is pure in X and hence X = A which 

is completely decomposable. | 

We conclude this section with the definition of sharply tight subgroups. 

Definition 3.7: Let X be a torsion-free group and A a completely decomposable 

subgroup of X. Then A is called s h a r p l y  t igh t  in X if A is tight in X and for 

all types r also A~(T) is tight in X~(T). 

Remark 3.8: It is easy to see that for all types T, A~(T) is tight in X~(T) and 

Z ~ Tc~(A) implies that A is sharply tight in X but the converse is not known. 

We have a first proposition which is the analogue to Proposition 2.14. 

PROPOSITION 3.9: Let X be a torsion-free group and A a completely decompos- 

able subgroup of X such that X / A  is torsion. Then the following are equivalent: 

(1) A is sharply tight in X; 

(2) A is sharply embedded in X and tight in X.  

Proof: (2)=~(1)  Assume by way of contradiction that there exists a type T such 

that AM(T) is not tight in X~(T). Then there exists a completely deconlposable 

subgroup B such that A~(7) C B c_ X~(T). Write A = A ' O  A~(7-), A' = 

@o~T A,.  Then A' ~ B D A which contradicts the tightness of A. Note that the 

sum A' + B is direct since A is sharply embedded in X. 

(1)==*(2) By definition A is tight in X. Assume that A is not sharply embed- 

ded in X, and let T be a type such that A~(T) ~ X~(T) A A. Choose an element 

x in X~(T) n A  but not in A~(T) and write x = 67 +aT where ~T 6 (~o>~ A~ and 

a~ E A~(T). Then x - aT = ~; E X~(T) n A but not in AM(r). Therefore A~(T) is 
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strictly contained in the colnpletely decomposable subgroup (G) • A~0 ) which 

is impossible as A~(v) is tight in X~(v). | 

LEMMA 3.10: Let X be a bounded completely decomposable group such that 

Tst(X) satisfies the maximum condition and let A be a regulating subgroup of 

X .  Then A is sharply tight in X .  

Proof: By Proposition 3.2 we know that every regulating subgroup is tight. 

Moreover, by Lemma 3.1, A is sharply embedded in X and hence Proposition 

3.9 shows that A is sharply tight in X. | 

4. Tight subgroups of finite index in almost completely decomposable 
groups  

In this section we characterize tight subgroups of almost completely decompos- 

able groups which have finite index. Recall that a subgroup A of a torsion-free 

group X is called cr i t ical ly  regu la r  in X if X ~ ( r ) 0  A(T) = A~(r) for all types 

r. Moreover, it is called strongly regular in X if it is regular and critically 

regular in X (see [MM90]). 

In [BMO00] the authors claimed that every tight subgroup of an almost com- 

pletely decomposable group X has finite index in X but the proof is not correct, 

since they assumed that ally such tight subgroup is strongly regular in X which is 

not justified. We first give a counterexaInple which is a courtesy of Prof. C. Vin- 

sonhaler. However, as mentioned in the introduction all the results in [BMO00] 

remain true if one restricts to tight subgroups of finite index. 

EXAMPLE 4.1: Let p be a prime and T1,72,73 incomparable typos (rational 

groups of incomparable type) such that 1/p ¢ TX, 72, T3. Put  r~,j = 7"i N rj for 

i, j = 1 . . . . .  3 and assume that 7"1,2, Vl,3 and ~'2,3 are incomparable. Moreover, let 

T1, 2 n T 1,3 = T1,2 A 7-2, 3 = T1, 3 ~ 7-2, 3 = ~ .  Put 

X : TlX 1 @ T2X2 @ T3X3 q- --T1,2(Xl q- X2) if- 7"2,3(X2 -~ X3) 
P 

and 
1 1 

A = -T1,2(Xl q- x2) ~ ,T2,3(3~'2 q- x3) ~ T1,3(Xl q- x3).  
P P 

Then X is an almost completely decomposable group, A is tight in X but X / A  

is unbounded. 

Proof: First note that X / A  is unbounded and that  A is in fact a direct sum. 

Moreover, A is weakly regular in X. Since ~T1,2(X1 + X2), ~T2,3(X2 q- X3) and 
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7"1,3(Xl + X3) are pure in X and A is block rigid it follows that every rank-1 

summand of A is pure in X. Unfortunately, Tst(A) = {T1,2, 71,3, 72,3, Z} is not 

tight in Tst(X),  hence we cannot apply our Theorem 2.9 directly. Thus we have to 

be more careful. Assume that A C B C_ X, where B is completely decomposable. 

Moreover, assume that Tst(A) C Tst(B)  C Tst(X).  As an example we discuss 

the case Wst(B) = Ts t (A)U {T1}. Then Tot(B) = {vbVh2, V2,3 } or Wet(B) = 

{71, T1,3, T2,3} which contradicts {T1,2, ~-1,3} C_ Tst(A) C_ Tst(B).  Thus Tst(A) = 

Tst(B) or Tst(B) = Tst(X).  In the first case the proof of Theorem 2.9 gives 

A = B. In the latter case we have T~(B)  = Tcr(X) = {vl, T2, 73} and hence 

B C T l X l ~ T 2 X 2 ~ T 3 X  3. Therefore, A C_ B c_ TlXl~f:)T2X2~:~T3X3 - -  a contradiction. 

Consequently, A is tight in X. | 

We now state a corrected version of [BMO00, Lemma 2.1] and recall the proof 

to point out where strong regularity is needed. 

LEMMA 4.2: Let X be an almost completely decomposable group and A a tight 

subgroup of X which is strongly regular in X.  Then X / A  is finite. 

Proof: We use induction on rank. If the rank of X is one then clearly X = A 

and hence X / A  is finite. Let X be an almost completely decomposable group 

and assume that the claim holds for almost completely decomposable groups 

of rank less than rk X. Let A be a tight subgroup of X. Choose a minimal 

critical type # e Wst(X) and observe that  the index [X : (X(#) + X[#])] is 

finite since # is minimal. Therefore it suffices to show that [X(p) : A(p)] and 

[X[#] : A[#]] are both finite. By Proposition 2.14 we know that A(#) is tight 

in X(#). We will show that also A[#] is tight in X[#]. Assume that there 

exists a completely decomposable group A[tt] C B c_ X[#]. Since # is minimal 

in Tst(A) we have A = A , • A [ # ] .  We claim that A , + B  is a direct sum 

A,  ® B which would contradict the tightness of A in X. Let x E B N A,.  Then 

x e X(#)NX[p] = X~(tt) (see [MS00, Lemma 2.3]). Thus x e ANX~(p) = A~(#). 
Hence x e A~ n A~(#) = 0. Thus A[p] is tight in X[#]. Therefore [X(#) : A(#)] 

and [X[p] : d[#]] are both finite by induction unless X = X(p) or X = X[p]. 
A x The latter case cannot occur since X[tt] = ((~p#,  p). as A[p] is tight in X[#], # 

being minimal in Tot(X),  and A,  # 0. In the former case, X = X ,  ® X~(#) and 

A = A• ® A~(p) since obviously Tcr(A) C Tst(X).  Certainly X / A  is a torsion 

group and it follows from 
x _ x .  • 

A A~ • A~(#) 

by an easy rank calculation that rk A~ = rk X ,  and hence X ,  -~ A,.  Now 
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consider the short exact sequence 

A + X~(I~) Z X + X~(p) 

A A A + X~ (p) 

The left end is isomorphic to 

x ~ ( p )  _ x ~ ( , )  

A n X~(p) A~(p) 

and finite by induction. To show that the right end of the short exact sequence 

is also finite, and so finishing the proof, set Y = A t ~ X~(#). Then 

x+x~(~) X.~X~(,) x.~x~(p) ~ x.  
A + X~(p) A t ® X~(p) (Y A X , )  qa X~(#) X ,  A Y" 

Since Y = A t qa X~(p) = (X~ F1 Y) ® X~(p), it follows that Xp A Y = A t --- X~ 

and therefore ([Mad99, Proposition 2.1.3]) the right hand end of the short exact 

sequence is also finite. | 

LEMMA 4.3: Let X be an almost completely decomposable group and A a tight 

subgroup of X.  Then the following are equivalent: 

(1) A has ~nite index in X; 

(2) A is sharply tight in X.  

Proof: If A is tight in X and has finite index, then clearly A is sharply embedded 

in X. Hence Proposition 3.9 shows that A is sharply tight in X. Conversely, if 

A is sharply tight in X, then A is tight in X and A is sharply embedded in X. 

By [MS01, Corollary 4.24] it follows that A is strongly regular in X and thus 

Lemma 4.2 proves that A has finite index in X. | 

Observe that Lemma 3.10 shows that the above Lemma 4.3 does not hold 

anymore if we replace ahnost completely decomposable by bounded completely 

decomposable. Note that there are regulating subgroups of a bounded com- 

pletely decomposable group X which have unbounded quotient in X (see [MS00, 

Example 5.2]). 

Note also that in contrast to regulating subgroups not every tight subgroup 

in an almost completely decomposable group has to be sharply embedded as 

Example 4.1 shows. 

To conclude this section we give another characterization of the tight subgroups 

in almost completely decomposable groups which are of finite index in the special 

case when the critical typeset is an antichain. 



266 M.A. OULD-BEDDI AND L. STRONGMANN Isr. J. Math. 

PROPOSITION 4.4: Let X be an almost completely decomposable group with 

critical typeset an antichain and A a tight subgroup of X .  Then the following 

are equivalent: 

(1) A is of finite index in X;  

(2) for all w E T~r(X) we have X(T)  = AT; 

(3) for all 7" E Tcr(X) we have rk(AT) : rk(X(r) ) .  

Proof'. Clearly, if A is of finite index in X, then Tcr(A) = Tcr(X) by regularity. 

Note that a type r E Tst(X)  is critical if and only if it is maximal. Moreover, 

for T E Tcd X)  we have X(T) /A(T)  = X( r ) /AT ,  which is torsion by regularity 

and at the same time torsion-free by Corollary 2.11 since A is tight in X. Thus 

A~ = X(T) and (2) and (3) are satisfied. Moreover, (2) implies (3). Therefore 

assume that (3) holds. Let r E Tc~(X) _C Tc~(A); then r is maximal in Tst(A) 

since Tcr(X) is an antiehain. Hence A(~-) = A~ <3 X ( r )  which is homogeneous 

completely decomposable of type r. Thus AT is a smnmand of X(T) and so 

AT = X(T) since they have the same ranks. We now prove that A is sharply 

embedded in X and thus it is sharply tight in X by Proposition 3.9, which shows 

that X / A  is finite by Corollary 4.3. Let 7- be any type and x E A N X~(r). We 

induct on the depth of a = tpX(x). If cr is maximal (hence critical) in Tst (X) ,  

then c~ E Tst(A) and, moreover, ~ E Tcr(A) by assumption. If ~ = r,  then 

X~(T) = 0 = A~(T) and there is nothing to show. Thus assume o~ > w. By the 

discussion above it follows that 3: E X(cr) = Ao C_ A~(T). Now let cr = tpX(x) 

be not maximal and assume that for all y E A n Xg(T) with tpX(y) > cr we have 

y E A~(T). Since Tcr(X) is an antichain, ~r cannot be critical in Tst(X).  Thus 

x E X~(a). Write nx = ~p>o yp for some integer n, where yp E X(p) .  Since the 

quotient X / A  is torsion there is a natural number m such that for all p > ~r we 

have myp E A. Thus myp E A ~ X~(T) and therefore myp E A~0 -) by induction 

hypothesis. Thus mn:c E A~(r) which is pure in A and therefore also x E A~(T). 
| 

We have some open questions: 

QUESTION 4.5: 

(1) What is the intersection of all tight subgroups of various torsion-free 

groups? 

(2) Which completely decomposable subgroups of an almost or bounded 

completely decomposable group can be embedded into a tight subgroup? 

(3) Which bounded completely decomposable groups whose typeset does not 

satisfy the maximum condition have tight subgroups? 
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[Arn81] 

[Arn82] 

[BMO00] 

[Bur84] 

[D01a] 

[D01b] 

[Du01] 

[E196] 

[Fuc73] 

[Lad74] 

[Mad92] 

[Mad95] 

[Mad99] 

[MMR94] 
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